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Time-dependent models of semiconductor devices are readily formulated as a system
of three partial-differential equations in three variables. Each of the equations is linear
and well posed for one of the variables; however, if the equations are solved sequentially
at each step, a nonlinear instability arises from the coupling terms, unless prohibitively
small time steps are used. Three methods are proposed for avoiding such an instability.
Convergence and stability results are obtained for each method, and the relative merits
of each method are discussed from a practical viewpoint. An example of a computation
using one of these methods is included.

I. INTRODUCTION

We consider numerical methods for the system

u, = Adu —V - uVy), (1.1a)

v, = dv + V - (oVy), (1.1b)
kdp=u—v—f, (x,)eD x(0,T), 1.2)

B\(§) = By(u, p) = Bs(v, ) =0, (x,)edD x (0, T); (1.3)

u(-, 0), v(-, 0) specified. In (1.1)-(1.3), u, v, s are dependent variables, « is a positive
constant, and f'is a given function of x. D is a bounded domain in R¥. The well
posedness of this problem depends on u, v being nonnegative [8], and this is
assumed true of the initial data.

This problem arises in the theory of semiconductor devices; u and v are the local
densities of electrons (negatively charged) and holes (positively charged), which
move by diffusion and by drift in the self-consistent electric field [14]. Equations
(1.1) are continuity equations for u, v. Equation (1.2) is a Poisson equation, with
i the electrostatic potential, « the dielectric constant of the material, and f the
density of stationary charged ions. B, , B are linear boundary conditions on u, v,
respectively; they may depend on i, however, as is the case if the normal flux
of particles is specified on part of the boundary. B, is a linear boundary condition
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on . In this context, a simple but interesting example of the domain and boundary
conditions is for D to be a rectangle in R, with u, v, and ¢ specified on two opposite
sides and their normal derivatives required to vanish on the other two. All of our
results will be consistent with a domain and boundary conditions of this form.
However, as several problems of engineering interest differ only in the specifics of
the boundary conditions, we shall leave the precise form of the boundary conditions
unspecified, stating our specific requirements at each step.

Viewed as such a model, several simplifying assumptions have been incorporated
into the system (1.1)-(1.2). In particular, we have neglected recombination (anni-
hilation of electron-hole pairs) because this process in semiconductors is very
slow compared with the time scales, which will be of interest below [11].

The discretization of (1.1)-(1.3) with respect to the space variables posses no
particular problem. Either finite-difference or finite-element methods can be used,
and substantial information of both experimental and analytical form exists for
the associated stationary problem [5, 7, 12]. For this reason and for notational
simplicity, we shall discuss semidiscrete (discrete in time but not in space) approxi-
mations below.

In the case of one-space dimension, the solution of a nonlinear discrete system
at each time step is feasible, and several numerical investigations have been per-
formed in this manner [1, 4, 6]. A stability proof for this procedure is given in [8].
For higher-space dimensions, we adopt the following philosophy, which is based
on the interpretation of this system as an engineering model: First-order accuracy
in the time step (%) is sufficient, but we are unwilling to solve nonlinear systems at
each time step. In fact, we wish to limit the computation at each time step to the
solution of three separate linear systems, each corresponding to the discretization
of one of the three Egs. (1.1a), (1.1b) and (1.2).

The trouble with this approach is that the straightforward linearization of the
system (1.1)-(1.2) is unstable, unless prohibitively small time steps are used. To
see this, let u, be a function of x, x € D, approximating u(:, ¢,), t, = nh, with
v, and ¢, similarly. If the system (1.1)-(1.3) is linearized in the obvious manner
and backward time differencing is used, we obtain

Uy — Up_y = h du, — IV - (u,Vih,_,), (1.4
Up = Upq = h Avn + hV - (vnVl/’n*l)s (15)
K A‘/’n = Uy — Uy — f. (1.6)

From (1.6), substituting from (1.4) and (1.5), we get

K Al[’n _ KA‘/‘n—l = (un - un—l) - (vn - vn—l)
= hAdu, — hV - (u, Vb)) — h dv, — AV - (v, Vib,_
= hA(u'n — V) — hV - (s + Un) V’/’n—l)
= hx Azﬁbn — AV - (4, + vn) V'l’n—l) +h Af;

D (1.7)
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as an evolution equation satisfied by i, . From (1.7) it is apparent that unless 4
is of the order of the minimum value of the local “dielectric relaxation time”
T = k/(u, + v,), instability is likely. In fact, this instability has been observed,
and for a special case, we shall display the unstable modes explicitly below.

Such a limitation on the time step is considered unacceptable. In practice, for
present day silicon devices we are interested in values of 7'~ 10-5-10-0 sec. As
a physical model of such a device, the system (1.1)-(1.2) may be useful down to
time scales of 10-12-10~!? sec, at which point the acceleration time for mobile
carriers becomes important [11]. The values of =, however, easily can be as small as
10-16-10-17 sec, depending on the particular problem.

Below, we discuss three methods, based on different treatment of the Poisson
equation (1.2), for circumventing this difficulty. Each method has advantages
and disadvantages with respect to the others, and the results of our analysis will
require interpretation in choosing a method for a specific problem of this type.
For example, asymptotic convergence results are obtained in Section 3, but may
not be very important, since computations with 4 small compared with = are not
anticipated in general, even as test cases. Stability of the linearized problem at
equilibrium is discussed in Section 4. In the special case where the equilibrium
carrier densities are constants, the linearized problem can be fully characterized
[10], and our discretization schemes are compared with these results in Section 5.
An example of such a computation is presented in Section 6. The relative merits
of the various schemes are discussed in Section 7.

II. THREE POSSIBLE COMPUTATION SCHEMES

It is useful to replace the variables u, v, by {, = ue¥, {, = ve*; the continuity
equations assume self-adjoint form in these variables.

Our first method is to replace ,,_, by ¥, in the right side of (1.7), and use this
relation instead of (1.2) in the original system. An additional linear boundary
condition for ¢, denoted by B, is also required. Then, we find ¥, , {un» Lo.n DY
successively solving

K Al/’n - K A‘)l’n-l = h« AZ‘/’% — hV - ((Cu,n—lew"_l + gn,n—le—wn_l) V‘l‘n) + h Af5

By(y) = BJw) =0,  xcoD; xeps @
'bn —_ ’t’n—l —_ . 'l’n .
Cu,ne Cu,n—le hV (e Vc‘u,n)’ X € D, (2.2)
Bz(gu,newﬂs ¢n) =0, x € oD;
_'bn — _d’n— —_ . ""I‘n .
Cv,ne Cv,’n—le ! hV (e ng,n), X € D, (23)

B3(€1J,ne—d‘n’ ¢n) = 0, xeoD.
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In such a computation, the first step requires the solution of a fourth-order linear
elliptic system, but the last two steps presumably can be reduced to a sequence of
one-dimensional problems by the method of fractional steps [2].

In the second method we discuss, the Poisson equation (1.2) is retained, but a
stabilizing term is added, as done by Gummel [5] for the stationary problem. We
obtain the following equation for i, :

K A¢‘n - (Cu,n—lewn_l + gu,’n—le_wn_l)(l/ln - ¢n—1)
= gu,n—lelbn—1 - Cu,n—le_wn_l _fa xeD, (24)
By(,) =0, x € oD;

Eqgs. (2.2) and (2.3) are subsequently solved for {,, , , {,,, . This procedure requires
no additional boundary conditions, and also requires the solution of only one
N-dimensional linear elliptic system at each time step. In this case, however, the
system is second order, self-adjoint, and strongly diagonally dominant, so that
very fast iterative methods are applicable [3, 13].

Our third method involves an additional approximation in the system (1.1)
and (1.2), considered as a model of a semiconductor. In semiconductors it is
frequently true that regions in which the carrier densities (# or v or both) are large
are “charge neutral” in the sense that « | 4 | is very small compared with the
larger of u, v. In such regions, we consider the system obtained by replacing the
dielectric constant « by zero, and dropping one of the boundary condition require-
ments [9]. We also assume that the original boundary conditions are consistent
with charge neutrality, so that this is justified on physical grounds.

We anticipate that in practice, the region D will be divided into two regions,
one in which the charge neutral approximation is physically justified, and one in
which u + v is sufficiently small that direct methods such as that described by
(1.4)—(1.6) can be used without unreasonable restrictions on 4. In the following,
however, it is assumed for simplicity that the charge neutral approximation is
made throughout the region D. Two schemes for implementing the charge neutral
method are suggested: Drop the boundary condition B;, solve a quadratic
equation at each point for ¢, ,

Cu,n—lewn - ;v,n-le—w" =/, (2.5

and find {, , from (2.2) and {, , from (2.3); alternatively, drop one of the other
boundary conditions, say B;, find i, from

V- ((Cu,n—ledjn—1 -+ Cv.n—le—wn_l) V¢n) = Af; xeD,
Bl(()bn) = 0, X € 3D,
then find ¢, , from (2.2) and £, , from a statement of charge neutrality,
Lyne®s — Lope™ —f=0, xeD. Q.7

(2.6)
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III. CONVERGENCE AS h— 0

In this section, we obtain asymptotic convergence results for the three methods
presented above, assuming that a sufficiently smooth solution exists in each case.
We will also assume that the number of space dimensions N < 3, and make some
assumptions about the boundary conditions consistent with those described in

the introduction.
Let ( , ) denote the L, scalar product over D, and || - || the Ly,-norm. We will

assume that for functions g(x), satisfying the homogeneous form of one of the
three boundary conditions, B, , B;, B;,

lgh= (], iVelrax)" and (gl =g,

are equivalent to the usual A and H? norms over D; for two such functions, g,
& we further assume that (dg, Z) = [» Vg - V@ dx, ie., the associated boundary
integral vanishes.

Let t, =nh, n =0, 1, 2,... be the discrete time points, although the use of
uniform steps is not necessary for our results. We use the following notation:
U, = Gy ne’, v, = {, e are the approximate values of the carrier densities;
NMn = Zu,n ~ Lu(s ta)s Pn = Z‘u.n ~ Lot tn), €n = l/J'n - ()b(a In)y Wp = Uy — u(:, ta),
@, = v, — v(", ,), are the error functions. We use ¢, € below for large and small
(positive) generic constants, respectively.

The continuity equations associated with each method can be analyzed using
straightforward energy inequalities. We use the following two lemmas:

LemMA 1. Suppose {, € HY(D) and 4, € HXD) satisfy (2.2) weakly, then, for
h sufficiently small,

[ wall® + Bliwa T <[+ ch + G(1€nlle) b 1l Enlledlll Waa IP + ch il £all} + ch®),

where G(*) is a continuous positive generic function. G
Proof. Comparing (2.2) with (1.1a), we have
W — Way = AV - (€ Viyn) — hV - (™ VL, 1) + O
= AV - (" V(e mw, + €L (- 1))
3.2

— AV - (€ V(5 1) + O
= h Aw, — h Vw,, - Vi, — hw,, 4, + BV - (u(-, t,) VE,) + OH?).
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Taking the scalar product of (3.2) with w,, gives

| wp ”2 — (Wn > Wn—l) = —h| w, ”i - h(wn » Vg - V‘l’n) - h(wnzs A‘/’n)
— h(u(:, ta), Vw, - VE) + O | wy |,
so that

[ Wall? <l Waca IF — 28 wallf + ch i wall (1 nlh + 1 wa D
— h(Wn , Vw, - VE) — h(w,?, AE) + O(R®) [ wa ||
KN Waa P — @ — ) || wallf 4 ch(l €alll + [ wal®
+ ch | Wall | Wallz 1l nllwg + el wali Nl nlle + ch® 1l wall
KN waalF — @ — ) B[ wally + ch(l €4l + I wal®
+ ch (| wallz, (1€nlle + 1l € ll2) + ch® [ Wy . (3.3)
Since N <3, ||-llwa <cll'lla and ||-ll, <ell "L + e[ - l; using these
estimates in (3.3) gives
[ wa P < Waa I — @ — QR wallf + ch(l €4 1T + [ wal®)
+ GU énllD) Rl wall* (1 Enlls + [ €n D) + ch® [ wall,

from which (3.1) follows easily, assuming 4 sufficiently small.

LemMmA 2. Suppose L, , € HXD) and , € H¥(D) satisfy (2.2) strongly, then, for
sufficiently small h,

[ Wallf + Rllwall <[+ ch+ Gl €nllD) b1 €3Il Way IR + ch ]l a2 + ch®).
(3.4
The proof is similar to that of Lemma 1, except that we take the scalar product
of (3.2) with 4w, . We also use | "[lr, < €[l + (&) Ik, which again is
valid since N < 3.
When {,,, is determined from (2.3), similar estimates hold for || @, [|.

For the first method proposed, an energy inequality also can be obtained for
the error in .

Lemma 3. Suppose i, € H¥(D), u, € H\(D), v, € HY(D) satisfy (2.1). Suppose
also that B(y(-, t,)) = 0, and that the homogeneous form of the boundary conditions
By($,) = B(,) = 0 is such that &, = o, — (-, t,) satisfies —(4¢,, 4%,) =
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Ip 1 VA4¢, Pdx = é,1;, and|| &, ||; is equivalent to the usual H® norm for functions
satisfying such boundary conditions. Then, for h sufficiently small,

[ €alls + R €l
<1+ ch+ chliwny + Doy 10 Ens 13 + chliwny + Doy |® + ch®l.  (3.5)

Remark. This requirement on the boundary conditions is satisfied, for example,
if ¢ and 44 are specified on all or part of 9D and the normal derivatives of  and
Ay are specified on the remainder.

Proof. Comparing (2.1) with (1.1) and (1.2), we obtain

k Ay — k Afyq = hic 82y — AV - ((Upy + Vn-1) Vifia)
+ AV - (u(; ta) + v(, 1) V(s 1)) -+ O
= hic 42, — bV - (Way + @ny) Vi)
— BV - ((u(, ta) + v(, 1)) VE,) + O

(3.6)

as an evolution equation satisfied by £. Taking the scalar product with 4¢,, gives

K ” g'n ”% - K(Agn s Aén—]_)
= —hc || EulE + AWy + Buy , Vi, - VAE,)
— WA, V- (U, 1) + v(, 1) VER) + [ €l O(®);

[€allf <l énalle — Q@ — @ hli&als
+ ch I(Wnoy + Bn) | Vi | I+ ch [l €nllz + ch® [ £all
<lénale — @ — QA& + chllWay + @0y P
+ ch | o + Bua Il | Enllwy + ch i §alls + ch®
SN éaall — U &alls + chll way + by IP
+ ch || Waoy + Doy 11 €a I8 + ch | €nll + ek

from which (3.5) follows. The convergence of the first method proposed follows
from Lemmas 2 and 3.

TueoreM 1. Suppose {, ,€ H¥D), {, € H¥D), }:, € HXD) are determined from
(2.1)~(2.3), and suppose the extra boundary condition B satisfies the requirements
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of Lemma 3. Suppose further that the initial approximations satisfy || w,ll +
| %ol + 11 €0 lls = OC(h). Let t, = nh be fixed as h — 0; then,

|y — U(', tn)“l + fop — o(;, tn)”l + I Cu,n - Zu(', t’n)“l =+ | Cv,n - Cv(': tn”l

+ll e — YC, ta)lle < ch, 3.7
and
lup — uC, tlle + 11 v — 00, t)lle + [ Luon — Lus tle
1 Lo — Lo tolllas + 11 4 — P, to)lls < A2 (3-8)
Proof. Set

Ep = wol} + 1 @alf + 1 €all + Al wn |3 4+ || @allf + 1| £ 18);
it follows from (3.4) and (3.5) that E, satisfies

En < (1 + ch + ChEn—lG(En—l))(En—l + Chs)‘

Since E; = O(h?) by hypothesis and an application of (3.4) and (3.5), we have
E, = O(h?), from which (3.7) and (3.8) follows.

The asympptotic convergence of the second method depends on Lemma 1 and
the following estimate for || &, ||, .

LemMmA 4. Suppose i, € H¥(D) is determined by (2.4), and suppose that for each
nonnegative integer m < n — 1, u,, + v,, is uniformly positive and bounded in D.
Then

[ €nlle < GMax || w5 + 5 iz, » Max | + v0) iz )k + Max(iwa || + || @, D],

3.9
where the integers j, k, and m are berween 0 andn — 1.

Proof. Comparing (2.4) with (1.2) we obtain
K Agn =Wy + iﬁn—l + (un—-l + vn—l)(gn - fn—l + O(h))a (310)
collecting the &, terms, multiplying (3.10) by (u,_; + v,_y)"1/2 and squaring,
we obtain
1<ty + vn) ™ (EDD + kNl €n ] + Wng + Vna» €
= [(tn-g + U )2 (na + O) — (Up_y -+ Vp)) /2 (Woy + By y)|?
< (1 + €)((un—l + vn—l)s fi—l)
+ Gl [ty + Vngllig > nog + Un ) I )0 + [ wog B 4 [ Wy [B).

(3.11)
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In (3.11), we choose e sufficiently small, depending on u,_; - v,_, , so that the
left side is =(1 + 2e)((up_1 + v,1), £,2); it then follows that

((tny + Vn-1); €a%) < GMax [l + vyllr,, » Max [l + )7 ir,,)
X (B 4 Max(l| wm [P + || @m %)), (3.12)

where the integers j, k, and me[0, n — 1]. The result (3.9) then follows from (3.11)
and (3.12).

THEOREM 2. Suppose {, ., Cy..€ H(D)N L (D), ¢, HYD) satisfy (2.2),
(2.3), and (2.4), with the extra provision that the factor (u,_, + v,_,) occurring in
the left side of (2.4) is restricted to the range [e, c,] uniformly in D and independent
of h, for some positive ¢. Suppose that || £, || + || wo !l + | wy || = O(k). Let t, = nh
be fixed as h — 0; then,

4y — u(, tll + 1l vn — o(:, tn)” -+l gu.n - gu(': tﬂ)”

+ | Cv.n - Cv(" tn)” + ] l/’n - l/‘(, e < ch (313)
and

Nty — uC, o)l + lon — 0(, ta)lh < k2. (3.14)

Proof. With this restriction on the stabilizing term in (2.4), (3.9) may be simpli-
fied to

€nlls < c(h + Max(|| wy || + || By [])

and the conclusion is immediate from Lemma |.
The use of such a restriction on the stabilizing term can be avoided if smoother
approximating functions are used.

THEOREM 3. The conclusions of Theorem 1 remain validif {,, ,, , Lo.n , ¥ € HY(D)
are determined from (2.2), (2.3), and (2.4), and the inital data satisfy | wyl, +

lwolh + 11 &0 ll = O).
Proof. We use Lemmas 2 and 4; setting
En = Max | wn T+ I @ 4 A W [+ 1| @ D]
(3.9) becomes
Hénlle < GEn-h + EZ2),

since || - ||; estimates || - ||;_ in three dimensions, and the results follow from (3.1).
Finally, for the charge neutral method, we have the following:
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THEOREM 4. Suppose .., ¥n, Lo.n€ HYD) are determined from (2.2), (2.6),
and (2.7), respectively. Suppose a smooth charge neutral solution with u -\ v uniformly
positive in D X [0, T] exists, and that the initial data satisfies u, + f = v,,

Uy + 0o == € >0 uniformly in D and ||wyll, + k| wylls = O(h). If t, = nh is
fixed as h — 0, then (3.7) holds and

luy — U(', tn)”a + 1l on — U(', tn)”z + 1 Cu,n - gu(, tn)”z
+1l {'v,n - 4(, tolls < ch'/2. (315)

Proof. We rewrite (2.6) in the form
V  (Quar +f) Vo) = 4f, xeD, By,) =0, xedD, (3.16)
using (2.7) at #,_, . If a smooth charge neutral solution exists, ¢ satisfies
Vo (Qu, 1) + HVYC, 1) = 4f,  xeD, B((,1,)) =0, xedD, (3.17)
so that ¢, = ¢, — ¢(:, t,) satisfies
Vo (Qupy + ) VE) = =2V - W, VY, 1)) + O(h),  xeD, (3.18)

and the homogeneous form of B, . We assume u,_; + v,_; = 2u,_, + f is uni-
formly positive in D; then, (3.18) has a solution £,eH*D) if w,, € HY(D), and

1 €nlh < G(l Waa i)l Waa | + B). (3.19)

Writing the left side of (3.18) as (2u,_, + f) 4¢, + V(Qu,_; + f) - V&, and
using (3.19) we obtain

€l < GUWaca le D Waa ll + 5 A 1 €ally 1 Waia lwe | €nllwal
< Gl Waes D0 Wna Iy + 5 4 I Waa T (e [l €nlly & () ]| €n D] (5.20)
< Gl Waa 1 Wa I+ B =l Wiy llg Il €n 1] '
< G(ll Waet 1)) Wney I + h).
Setting E, = | w, |} + k[ w, |3, and noting that %, = —w, for the charge

neutral problem, (3.7) and (3.15) follow from (3.20) and Lemma 2. Since the second
space derivatives of u,, , v, are converging to those of u(-, t,), v(:, t,,), the assumption
of uniformly positive u, + v, is justified.
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1V. THE LINEARIZED PROBLEM

In this and the next section, we assume that the boundary conditions are con-
sistent with a stationary solution of the system (1.1)—(1.3), of the form [8]

L) = L) = 1, u(x, t) = a(x) = &9, wo(x, 1) = b(x) = e
k A, = e — e — f, xeD, B,) =0, xeoD.

4.1)

The eigenvalues of the system (1.1)—(1.3), linearized at the stationary solution,
are known to be real and negative. In this section, we examine the discrete eigen-
values for two of our methods. We seek discrete solutions of the form ¢, = nh,

u(x, t,) = a(x)(1 + z%(w(x) — 6(x)), (4.2)
v(x, 1) = b(x)(1 + z((x) — w(x)), (4.3)
P(x, 1,) = (x) + 27w (), (4.4)

where z is the discrete (complex) eigenvalue and 6, ¢, w are complex valued and
sufficiently small that it suffices to retain only first-order terms. Hereafter, we use
( , ) for the complex scalar product, and introduce the additional notation

1015 = @ af),  1160ia= [ atx)| VO dx,

similarly for the other variables. We shall assume that the boundary conditions are
such that if g is any of the three small quantities 6, ¢, w, then | g |} = —(g, 4g),

and[|gll < clglh-
The linearized form of (2.2), and (2.3) is

2V - (aV0) = a(z — 1)(0 — w)/h 4.5)
ZV - (b A¢) = b(z — 1)(¢ — w)/h; (4.6)

we will discuss two cases: that in which i, is determined from (2.4), the linearized
form of which is

kzdw — (@ + b) zw = —al — b, 4.7)
and the charge neutral case with i, determined by (2.5), which becomes

z{a + b) w = afl + be. 4.8)

THEOREM 5. Assuming h positive, the system (4.5), (4.6), and (4.7) has nontrivial
solutions only if | z| < 1 and Re(z) > 0.
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Proof. We take the scalar products of (4.5) with 6, of (4.6) with ¢, and of
(4.7) with w; the terms involving (af, w) and (b¢, w) can be eliminated, obtaining

)Zlwilf +Zllwlie =101F + il + ¢tz/z — DY 01Fe + 1| $15.0). (4.9

If w =0, then z€(0, 1) is immediate from (4.9). If w == 0, then (4.9) is a
quadratic equation for z, of the form

Pz — Pz —(Q-+hR)z+ Q =0,
P=c«lolf+ ol
Q=101+ 16l,
R=1[01R.+1¢l3s.

(4.10)

There are no nontrivial solutions with Q and R equal to zero. With, i, P, Q, R
all positive, it follows from (4.10) that either z is real and positive, or P = Q + AR.
If z is real, since z = 1 is impossible from (4.5) and (4.6), it suffices to show that
z > 1 is impossible. Otherwise, the scalar product of (4.5) with 8 can be written

(hz/(z — D) 10|10 + 11015 = (@b, w) < (1/2)(1 017 + || o 2)

and it follows that || 8|, < |w|l,. We get || |}, < | w]|,, similarly, from (4.6),
and thus, O < P. But the scalar product of (4.7) with w gives

2P = (w, df - b)
<Y wli + 1015 +lewls+ 1 615 4.11)
< HP + Q),

which implies P < Q if z > 1.
If P = Q + AR and z is complex, (4.11) may be written

P+Q _Q+hR2

ZlSs=5F =g TR

<L

The conclusion Re(z) > 0 follows in this case from considering the real part
of (4.10) as a quadratic equation for Re(z).
For the charge neutral method, we have the following:

THEOREM 6. Assuming h positive, the system (4.5, 4.6, 4.8) has nontrivial
solutions only if | z| < 1 and Re(z) > 0.

Proof. Equation (4.8) is obtained by setting « = 0 in (4.7). The proof of
Theorem 5 remains valid if we set « = 0.

581/21/1-3
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V. THE Case ofF CoNsTANT DoriNnG

A mathematically interesting special case occurs when fand i, are constant in D.
The solution of (1.1)-(1.3) can be interpreted physically in this case: First, the
magnitude of the electric field, | Vi |, decays rapidly, in a time scale of order =,
by the drift of mobile carriers; then, the carriers diffuse toward the stationary
(constant) distributions [10]. Near the stationary solution, drift and diffusion
mechanisms are uncoupled, in the sense that the eigenfunctions are divided into
two classes: drift modes, with w = 0 and associated time constants of order
7 = rk/{(a + b), and diffusion modes, with «w = 0 and time constants independent
of .

In this section, we compare these results for the continuous system (1.1)-(1.3)
to the corresponding results for our proposed discrete methods. In this case, we
are also able to display explicitly the instability associated with direct methods
such as (1.4)—(1.6).

We linearize the equations as in Section 4; the continuity equations (2.2) and
(2.3), or (4.5) and (4.6) become

240 = ((z — D/h)E — w), (5.1)
z4¢ = ((z — )/h)($ — w). (5.2)

The linearization of (2.1) gives
k((z — D/h) dw = xz 420w — (a + b) z dw, (5.3)

so that (5.1)~(5.3) describes our first method. For the second method, we have
(5.1), (5.2), and (4.7); for the two forms of the charge neutral method we have
(5.1), (5.2), and (4.8), or (5.1) or (5.2) with w = 0, respectively (since the lineari-
zation of (2.6) gives 4w = 0). In the following, we denote by A(6) an arbitrary
element of o(4; 8), the discrete spectrum of 4 in H?%(D) with the boundary con-
ditions for 8, which are assumed to be homogeneous and such that o(d; )}(— o0, 0).
Other variables are denoted similarly.

The explicit form of (5.3) makes the analysis of the system (5.1)—(5.3) trivial,
and we have the following:

THEOREM 7. Suppose that the homogeneous form of the boundary conditions
is such that (v, dw) < 0 and (w, 4%w) > 0. Then, the nontrivial solutions of (5.1)-
(5.3) occur only for real positive z and are of two forms: drift modes, with v #= 0
and z < (1 + h/7)Y; and diffusion modes, with w =0 and z = (1 — hA(8))*
or z = (1 — hA(¢)).
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THEOREM 8. Suppose that the homogeneous form of the boundary conditions
is such that o(4; Aw) is a discrete point set in (— o0, 0); then, the drift mode solutions
of (5.1)~(5.3) correspond to z = (1 + hjv — hA(dw))™.

For our second method, we have a somewhat weaker result:

THEOREM 9. Suppose that the homogeneous form of the boundary conditions
is such that (v, dw) < 0 and (w, A%w) = 0. Then, the real values of z for which
4.7, (5.1), (5.2) has a nontrivial solution are as in Theorem 7, and the complex
values satisfy |z | < (1 + ch)'/2

Proof. In view of Theorem 7, it suffices to consider the case w == 0. We can
combine (4.7), (5.1), and (5.2) into a fourth-order equation for w, obtaining

hxz? 20 — hz(hla +b)z +k(z — D)) dw + (a +b)z — 1)) w =0; (5.4)
taking the scalar product with w and setting s = (z/(z — 1)) = « -+ iB, we obtain

Plk(w, A'0) + (@ + b) | wif] s* + ke |wlfs + (@ + D) @[ = 0. (5.5)

For z real, it follows from (5.4) that Ala + b)z 4+ «(z — 1) < 0, so
z < (1 + hj7)7L. For z complex, solving (5.5) as a quadratic equation for s, we
find —(7/h) < o <0, B2 < || o lf(h] o) < c/h Since z = s/(s — 1), our results
follow.

We get only diffusion modes with z = (1 — AA(@))%, or z = (1 — AA(¢$))~! for the
charge neutral method (2.2), (2.6), and (2.7); this follows immediately from setting
x = 01in (5.3). The other charge neutral method, (2.2), (2.3), and (2.5), is described
by (4.8), (5.1), and (5.2), with a, b constant in this case, and we have the following:

THEOREM 10. The real values of z for which (4.8), (5.1), and (5.2) has a nontrivial
solution correspond to diffusion modes withz = (1 — hA(B)) L orz = (1 — hA($))™;
the complex values satisfy | z | << (1 + ch)~1/2.

Proof. Combining (4.8), (5.1), and (5.2) we obtain hz2 Aw = (z — 1)? w, which
has nontrivial solutions only for 52 = —||w |P/h | w|); the proof proceeds as
for Theorem 9.

Finally, we display the unstable modes associated with a direct method; for
simplicity, we consider the method obtained by dropping the stabilizing term
from (2.4), and finding i, from

K A¢n = Zu.n-lewn_l - Ca}.n—le—w"ﬁl _fs X € D, Bl(‘ﬁn) = 0: x € 0D. (56)

The linearized form of (5.6) is
kzdw —(a +b)w = —ab — be; (5.7



34 M. S. MOCK

combining (5.1), (5.2), and (5.7) we get an equation similar to (5.4) for w,
ze L0 — (@ + b + x(z — 1)) dw = 0. (5.8)

Thus, if the boundary conditions are such that o(4; dw) is not empty, for any
Ae o(d; dw), there exists a nontrivial solution of (5.1), (5.2), and (5.7) with
with z = (1 — A/7){(1 — Ah), which requires 2 = O(7) for |z | < 1.

VI. A SampLE COMPUTATION
The geometry and boundary conditions adopted for a sample computation are

taken from a simple model of the “insulated-gate field-effect transistor”” (IGFET),
as illustrated in Fig. 1. (In Fig. 1, ¥V, is the “built-in” source potential, and V4(¢),
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Fi6. 1. Device model and boundary conditions.

Vp(t) are the applied voltages between gate and source and between drain and
source, respectively, as functions of time.) This device has an “ohmic contact”
in each of the separated source and drain regions, which are characterized by large
positive f, u ~ f, v negligible. The intermediate region is characterized by large
negative f, and (as shown in Fig. 1) for sufficiently large negative y, by v ~ —f,
u negligible. A third electrical contact is made to a metallic “gate,” which is
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insulated from the semiconductor material by a thin nonconducting layer, typically
of silicon dioxide. A positive voltage applied to the gate, however causes the
formation of a thin “inversion layer” of electrons under the oxide interface,
allowing current to flow between the source and drain, controlled by the voltages
applied to the gate and drain. Although this is an important device in semicon-
ductor engineering, its transient behavior is not well understood.

Because of the inversion layer, the charge neutral approximation is not useful
in the treatment of this device. The method described by Egs. (2.2)(2.4) was
used. A rectangular mesh was employed in the space coordinates, uniform in
the x direction, with geometrically decreasing spaces with increasing y. (Non-
uniform spacing is required in the y direction, in this device, to resolve the thin
inversion layer under the oxide interface.) The standard five-point approximation
to (2.4) was used, with the method of [3] for its approximate inversion at each
time step. Equations (2.2) and (2.3) were treated by the method of fractional steps;
within each half-step, a three-point discretization was used that admits inter-
pretation and analysis as a finite-element method [7, 12].

The results of a typical calculation are shown in Fig. 2, in which the applied
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Fic. 2. Applied voltages and curreat flow.

gate and drain voltages are plotted together with the current flow (in normalized
units) at the source, gate, and substrate contacts. The gate current is displacement
current, and our results indicate that to first approximation, geometric capacitance
accounts for the gate current, with the inversion layer considered as coupled to
the source.
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VI. DISCUSSION AND SUMMARY

In the preceding, we have obtained some analytical results for two general
methods for approximately solving the problem (1.1)-(1.3). We have also
considered two forms of a charge neutral method, which correspond essentially
to setting « = 0O in the two general methods.

A general statement of which method “works best” will not be attempted here;
we will simply itemize the relative merits of each method. In our discussion, the
importance of the asymptotic convergence results is discounted in favor of bounds
independent of # on the computed solutions. Boundedness of the computed
solutions is clearly necessary, but we cannot expect / to be small compared with 7;
in fact, convergence as & — 0 is readily established for the direct methods, which
we found unsatisfactory.

In this context, the advantage of our first method (2.1), (2.2), and (2.3) might
be summarized as follows:

(1) This method admits a bound (independent of #) for the magnitude of
the electric field, as may be seen by taking the scalar product of (2.1) with ¢, .

(2) In the special case of a constant equilibrium potential, this discrete
method accurately reflects spectral properties of the continuous system.

(3) Higher space derivatives of the dependent variables are controlled by this
method.

(4 An energy inequality exists for the error in the electrostatic potential
for this method.

Some disadvantages of this method are the following:
(1) A relatively complicated equation for the electrostatic potential has to
be solved at each step.
(2) An extra boundary condition for the electrostatic potential is required.

(3) The generalization of this method to the case of unequal carrier mobilities
is awkward.

(4) 1If the space discretization is to be effected by a finite-element method
consistent with our convergence proof, relatively smooth elements are required.

For the second general method (2.2), (2.3), and (2.4) we have the following:

(1) A strong local stability result (Theorem 5) holds for this method.

(2) The residual error associated with the Poisson equation, given by
k 44, — u, + v, + f, is readily monitored and controlled in this method, by
reducing the time step as necessary.
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(3) A space discretization of this method consistent with the convergence
proof could be made in such a way that the discrete form of (2.2) and (2.3) will
satisfy a maximum-minimum principle, for example by using piecewise linear
elements for u, v. Such a property would assure the uniform positivity of the
computed carrier densities.

(4) As mentioned in Section 2, the form of the Poisson equation (2.4) is
such that it is easily inverted at each step.

The two forms of the charge neutral method exhibit similar properties. In each
case they allow a substantially simpler computation scheme at the expense of some
of the theory. A more serious limitation on the charge neutral method, in our
opinion, is that the approximation of charge neutrality is not physically justified
in some problems of current engineering interest, as in the sample computation
discussed in Section 6.
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